
European Society of Computational Methods
in Sciences and Engineering (ESCMSE)

Journal of Numerical Analysis,
Industrial and Applied Mathematics

(JNAIAM)
vol. 6, no. 3-4, 2011, pp. 95-104

ISSN 1790–8140

Optimal Stability of Bivariate Tensor Product B-bases1

E. Mainar and Juan Manuel Peña2

Departamento de Matemática Aplicada,
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Abstract: We analyze some properties of bivariate tensor product bases. In particular, we
obtain conditions so that a general bivariate tensor product basis is optimally stable for
evaluation. Finally, we apply our results to prove the optimal stability of tensor product
normalized B-bases.
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1 Introduction

Given a basis b = (b0, . . . , bn) of a vector space U of functions defined on ω and a function f ∈ U ,
there exists a unique sequence of real coefficients (c0, . . . , cn) such that

f(x) =

n∑
i=0

cibi(x)

for all x ∈ Ω. One practical aspect to consider in the evaluation of the function f is the stability
with respect to perturbations of the coefficients, which depends on the chosen basis of the space.
We want to know how sensitive a value f(x) is to random perturbations of a given maximum
relative magnitude ε in the coefficients (c0, . . . , cn) corresponding to the basis. Following [6], we
can bound the corresponding perturbation δf(x) of the change of f(x) by means of a condition
number

Cb(f, x) :=
n∑

i=0

|cibi(x)| ,

for the evaluation of f(x) in the basis b:

δf(x) ≤ Cb(f, x)ε.
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We shall consider that a basis b is optimally stable among the nonnegative bases of its space U
if there does not exist any other basis u of nonnegative functions such that Cu(f, x) ≤ Cb(f, x)
for each function f ∈ U evaluated at every x. In general, existence or uniqueness of optimally
stable bases cannot be guaranteed. In [6] it was proved that the Bernstein basis is optimally stable
among all nonnegative bases of the space of polynomials of degree less than or equal to n. In [10]
it was proved that, among all nonnegative bases of its space, the B-spline basis is optimally stable
for evaluating spline functions.

A basis of nonnegative functions that form a partition of the unity is called blending. The
collocation matrix of a system of functions (u0(t), . . . , un(t)) t ∈ I, at t0 < · · · < tm in I is given
by

M

(
u0, . . . , un

t0, . . . , tm

)
:= (uj(ti))i=0,...,m;j=0,...,n. (1)

A matrix is totally positive if all its minors are nonnegative and a system of functions is totally
positive when all its collocation matrices (1) are totally positive. If the basis functions form a
partition of the unity, we say that the basis is normalized. It is well-known that shape preserving
representations of curves are associated with normalized totally positive bases (cf. [2], [7]).

In contrast to the space of algebraic polynomials, which possesses normalized totally positive
bases on any compact interval, there are other spaces such as the space of the trigonometric
polynomials (see [11]) or the spaces ⟨1, . . . , tn−2, cos(wt), sin(wt)⟩, n > 1 mentioned above, with no
normalized totally positive bases on any compact interval. Finding domain intervals where we can
guarantee the existence of shape preserving representations is one of the main tasks to carry out
when dealing with these spaces. Another crucial task consists of finding properties of the spaces
resembling the good properties of the Bernstein basis. When the space has a normalized totally
positive basis, the Bernstein-like bases are provided by the normalized B-bases, which present
optimal shape preserving properties (see [2], [3], [12]). A totally positive basis (b0, . . . , bn) of a
space U is a B-basis if for any other totally positive basis (u0, . . . , un) of U the matrix K of change
of basis

(u0, . . . , un) = (b0, . . . , bn)K

is totally positive (all its minors are nonnegative). In Theorem 4.2 of [3] it was proved that a space
with a normalized totally positive basis always has a unique normalized B-basis. For instance, the
Bernstein basis is the normalized B-basis in the case of the space of polynomials of degree at most
n on a compact interval (see [2]) or the B-spline basis is the normalized B-basis in the case of the
space of spline polynomials.

The following sufficient condition for B-bases corresponds to the implication (ii) implies (i) of
Theorem 3.2 of [12] and is going to be used in the upcoming proofs.

Lemma 1 Let U be a vector space of functions defined on a closed set I ⊂ R with a normal-
izable (respectively, normalized) totally positive basis and let (v0, . . . , vn) be a basis (respectively,
normalized basis) of U formed by nonnegative functions. Assume that for each i = 0, 1, . . . , n,
Ii := {t ∈ Ii|vi(t) ̸= 0} is an interval and let ai ∈ R ∪ {−∞} and bi ∈ R ∪ {+∞} be the infimum
and supremum, respectively, of Ii. If

aj ≤ ak, bj ≤ bk, lim
t→a+

j

vk(t)

vj(t)
= 0 and lim

t→b+k

vj(t)

vk(t)
= 0

whenever j < k, then (v0, . . . , vn) is a B-basis (respectively, the normalized B-basis) of U .

Other properties satisfied by these bases, such as optimal stability, were shown (see [13]). Here
we analyze some properties of bivariate tensor product B-bases. In particular we prove their
optimal stability, which could be expected taking into account the optimal stability of the tensor
product Bernstein and B-spline bases (see [8]) and that of rational Bernstein basis (see [5]).
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2 Optimal stability of bivariate tensor product bases

Let (u1
0, . . . , u

1
m) and (u2

0, . . . , u
2
n) m > 1, n > 1, be bases for two spaces U1

m and U2
n of functions

defined on intervals [a1, b1] and [a2, b2], respectively. The system b of tensor-product functions
defined by

b := (u1
i ⊗ u2

j )i=0,...,m, j=0,...,n (2)

is a basis of the space U1
m ⊗ V 2

n of bivariate functions defined on Ω = [a1, b1] × [a2, b2]. We order
the elements of b = (bij)i=0,...,m,j=0,...,n in lexicographical order.

In order to study the optimal stability of bases (2) we need to introduce some basic notations.
Let U be a finite dimensional vector space of functions defined on Ω ⊂ Rs and let b = (b0, . . . , bn)
be a basis for U . Given a function f =

∑n
i=0 cibi ∈ U we are interested in measures for the

sensitivity of f(x) to perturbations in the coefficients c = (cj)j=0,...,n of f . If g =
∑n

i=0(1 + δi)cibi
is related to f by a relative perturbation δ = (δi)i=0,...,n in c, then for any x ∈ Ω

|f(x)− g(x)| =

∣∣∣∣∣
n∑

i=0

δicibi(x)

∣∣∣∣∣ ≤ ∥δ∥∞
n∑

i=0

|cibi(x)| .

The number

Cb(f, x) :=
n∑

i=0

|cibi(x)| , (3)

acts as a condition number for the evaluation of f at the point x using the basis b (see [6], [10]).
We can take the size of f into account and define related numbers by

cond(b; f, x) :=
Cb(f, x)

∥f∥∞
=

∑n
i=0 |cibi(x)|

∥
∑n

i=0 cibi∥∞
, (4)

or by cond(b; f) := supx∈Ω cond(b; f, x) and cond(b) := supf∈U cond(b; f) (see [8]).
We observe that for f, g ∈ U as above and x ∈ Ω

|f(x)− g(x)| ≤ εCb(f, x),

and

|f(x)− g(x)|
∥f∥∞

≤ εcond(b; f, x) ≤ εcond(b; f) ≤ εcond(b),

where ε = ∥δ∥∞. Thus the condition numbers can be used to measure the sensitivity of f to
perturbations in the coefficients.

Definition 1 Given a set B of bases of a vector space U of functions defined on Ω, we say that
a basis b ∈ B is optimally stable for the evaluation of functions if there does not exist (up to
permutation or scaling) a basis u ∈ B such that

cond(u; f, x) ≤ cond(b; f, x)

for each function f ∈ U evaluated at every x ∈ Ω.

Let u, v be two bases of U . It obviously follows from the previous definitions that cond(u; f, x) ≤
cond(v; f, x) if and only if Cu(f, x) ≤ Cv(f, x). Thus, we could have defined optimal stability in
terms of the condition number (3) instead of the condition number (4). Also one can easily check
that if cond(u; f, x) ≤ cond(v; f, x) ∀f ∈ U, ∀x ∈ Ω then cond(u) ≤ cond(v).

The following auxiliary results can be found in [8]. Besides, Lemma 2 is closely related to
Theorem 2.1 of [6].

c⃝ 2011 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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Lemma 2 Let U be a finite dimensional vector space of functions defined on Ω ⊂ Rs. Let u, v be
two bases of nonnegative functions of U . Then

cond(u; f, x) ≤ cond(v; f, x), ∀f ∈ U, ∀x ∈ Ω (5)

if and only if the matrix A such that v = uA is nonnegative.

Lemma 3 Let M be a nonsingular and nonnegative matrix such that the first and last nonzero
entry of each column of M−1 is positive. Then M = PD, where D is a diagonal matrix with
positive diagonal elements and P is a permutation matrix.

Lemma 4 Let u and b be nonnegative bases for a finite dimensional vector space U of functions
defined on a set Ω ∈ Rs. Suppose that the change of basis matrix A defined by b = uA is nonnegative
and that the first and last nonzero element in each column of A−1 is positive. Then u = b up to a
permutation and positive scaling.

The following result gives conditions so that a tensor-product basis is optimally stable.

Theorem 1 Let (u1
0, . . . , u

1
m) and (u2

0, . . . , u
2
n) be nonnegative bases for two spaces U1

m and U2
n

defined on intervals [a1, b1] and [a2, b2], respectively, satisfying

lim
t→a+

k

uk
i (t)

uk
j (t)

= 0 if i > j and lim
t→b−k

uk
i (t)

uk
j (t)

= 0 if i < j (6)

for k = 1, 2. Let b = (bij)i=0,...,m,j=0,...,n be the tensor-product basis

bij(x, y) = u1
i (x)u

2
j (y)

of the space U1
m⊗U2

n of bivariate functions defined on Ω = [a1, b1]×[a2, b2]. If b̃ = (b̃ij)i=0,...,m,j=0,...,n

is a basis of nonnegative functions of U1
m ⊗ U2

n with

cond(b̃; f, (x, y)) ≤ cond(b; f, (x, y)) (7)

for each function f ∈ U1
m ⊗ U2

n evaluated at every (x, y) ∈ Ω, then b̃ = b up to permutation and
positive scaling.

Proof. By Lemma 2 there exists a nonnegative matrix A such that b = b̃A and, by Lemma 4 it
is enough to show that the first and last nonzero element in each column of A−1 is positive. Fix a
column β of A−1 and let (cij)i=0,...,m,j=0,...,n be the elements of A−1 in this column so that

b̃β(x, y) =
m∑
i=0

n∑
j=0

cijbij(x, y) =
m∑
i=0

n∑
j=0

ciju
1
i (x)u

2
j (y). (8)

Let (i1, j1) be the index of the first nonzero cij in (8). Let us prove that ci1j1 is positive. Clearly,

the function b̃β of (8) can be written as

b̃β(x, y) = u1
i1(x)

 n∑
j=j1

ci1ju
2
j (y)

+
m∑

i=i1+1

u1
i (x)

 n∑
j=0

ciju
2
j (y)

 . (9)

c⃝ 2011 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



Optimal Stability of Bivariate Tensor Product B-bases 99

Using the nonnegativity of b̃β and u1
i1

joint with (9) and (6) we have that

0 ≤ lim
x→a+

1

b̃β(x, y)

u1
i1
(x)

=
n∑

j=j1

ci1ju
2
j (y) + lim

x→a+
1

m∑
i=i1+1

u1
i (x)

u1
i1
(x)

 n∑
j=0

ciju
2
j (y)


=

n∑
j=j1

ci1ju
2
j (y). (10)

By (6) and the nonnegativity of v̄(y) :=
∑n

j=j1
ci1ju

2
j (y) and u2

j1
we deduce that

0 ≤ lim
y→a+

2

v̄(y)

u2
j1
(y)

= ci1j1 +
n∑

j=j1+1

ci1j lim
y→a+

2

u2
j (y)

u2
j1
(y)

= ci1j1 .

Let ci2j2 be the last nonzero coefficient in (8). Applying a reasoning analogous to the proof of the
positivity of ci1j1 , but taking limits as x → b−1 and y → b−2 , we may deduce that ci2j2 > 0, that is,
the last nonzero entry of each column of A−1 is positive.

Conditions (6) of Theorem 1 also allow us to apply the result to B-bases. As a direct consequence
of the previous result and Lemma 1 we can deduce the following Corollary that guarantees the
optimal stability of general bivariate tensor product B-bases. Examples of B-bases can be seen
in [3] and [12]. In the next section, we focus on spaces mixing algebraic and trigonometric of
hyperbolic polynomials.

Corollary 1 Let (u1
0, . . . , u

1
m) and (u2

0, . . . , u
2
n) m > 1, n > 1, be B-bases for two spaces U1

m and
U2
n of functions defined on intervals [a1, b1] and [a2, b2], respectively. The tensor-product basis

b = (bij)i=0,...,m,j=0,...,n with
bij(x, y) = ui,m(x)vj,n(y)

is optimally stable for the evaluation on Ω = [a1, b1]× [a2, b2] of functions of Um ⊗ Vn.

3 Examples

Rational Bézier and B-spline surfaces are handy and versatile tools to represent a large variety of
surfaces. However there are surfaces of interest in geometry and engineering, like the helicoid or the
catenoid which can only be approximately represented by rational functions. The construction and
analysis of new function spaces, more flexible than polynomials but with the same nice structural
properties, constitutes an interesting new research trend in CAD (see [1], [4], [9], [15], [14]).

In [9] a unified approach to deal with these type of spaces was introduced. In addition to the
well known case of algebraic polynomials, this approach includes as particular examples the spaces

Hn := ⟨1, . . . , tn−2, cosh(ωt), sinh(ωt)⟩,
Tn := ⟨1, . . . , tn−2, cos(ωt), sin(ωt)⟩,

for ω ̸= 0 and n > 1, and piecewise functions composed by different spaces.
In order to deal with the complex geometry of real objects, we can consider the normalized

B-bases of bivariate tensor product spaces obtained by considering the spaces studied in [9].
Let us consider the homogeneous linear differential equation

u′′(t) + a0u(t) = 0, a0 ∈ R. (11)

The characteristic polynomial of (11), p(x) = x2 + a0, is an even function, and so the space U1 of
solutions of (11) is invariant under translations and reflections. Clearly,

c⃝ 2011 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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i) If p(x) = x2 then U1 = span⟨1, t⟩.

ii) If p(x) = x2 − ω2, ω ̸= 0, then U1 = span⟨cosh(ωt), sinh(ωt)⟩.

iii) If p(x) = x2 + ω2, ω ̸= 0, then U1 = span⟨cos(ωt), sin(ωt)⟩.

Let us now consider the initial value problem

u′′(t) + a0u(t) = 0, a0 ∈ R,
u(0) = 0, u′(0) = 1.

(12)

Let S be the unique solution of (12) and zS its first positive zero. Let us define

u0,1(t) := S(a− t)/S(a), u1,1(t) := S(t)/S(a), t ∈ [0, a], 0 < a < zS . (13)

It can be easily checked that

i) If p(x) = x2, then S(t) = t and zS = +∞.

ii) If p(x) = x2 − ω2, ω ̸= 0, then S(t) = sinh(ωt)/ω and zS = +∞.

iii) If p(x) = x2 + ω2, ω ̸= 0, then S(t) = sin(ωt)/ω and zS = π/ω.

Observe that, except for the case i), 1 /∈ U1. This implies that U1 has no normalized totally
positive basis and therefore it does not possess shape preserving representations of curves. In order
to obtain spaces with shape preserving representations including U1, let us study the space of the
integrals of the functions of U1.

Let us recall that, for a given space of functions U , the space of the derivatives U ′ is defined by

U ′ := {u′ | u ∈ U}.

For n > 1, the (n+ 1)-dimensional spaces Un such that U ′
k = Uk−1 for all k = 2, . . . , n are:

i) If p(x) = x2 then Un = ⟨1, . . . , tn⟩.

ii) If p(x) = x2 − ω2, ω ̸= 0, then Un = ⟨1, . . . , tn−2, cosh(ωt), sinh(ωt)⟩.

iii) If p(x) = x2 + ω2, ω ̸= 0, then Un = ⟨1, . . . , tn−2, cos(ωt), sin(ωt)⟩.

In [9] we proved that for n > 1 and a < zS the normalized B-basis of Un can be defined
recursively by:

u0,n(t) := 1−
∫ t

0

δ0,n−1u0,n−1(s)ds,

ui,n(t) :=

∫ t

0

(δi−1,n−1ui−1,n−1(s)− δi,n−1ui,n−1(s)) ds, i = 1, . . . , n− 1,

un,n(t) :=

∫ t

0

δn−1,n−1un−1,n−1(s)ds, (14)

for t ∈ [0, a], where δi,n−1 := 1/
∫ a

0
ui,n−1(s) ds, i = 0, . . . , n − 1 and (u0,1, u1,1) is the system

defined in (13).
Let us now illustrate the optimal stability (in the sense explained above) of tensor-product

normalized B-bases (14) with examples.
Let us consider tensor-products of the normalized B-basis of H3 := ⟨1, t, cosh t, sinh t⟩ and

T2 := ⟨1, cos t, sin t⟩ obtained by (14).

c⃝ 2011 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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Using (14) and (13) with S(t) = sinh t we have obtained the normalized B-bases of H3:

v3,3(t) =
t− sinh t

M − sinhM
, v0,3(t) = v3,3(M − t),

v2,3(t) =
(1 + coshM)t+ sinh(M − t)− sinh t− sinhM

(1 + coshM)M − 2 sinhM
− v3,3(t),

v1,3(t) = v2,3(M − t), (15)

t ∈ [0,M ], M < zS = +∞.
Using (14) and (13) with S(t) = sin t we have obtained the normalized B-bases of T2:

u2,2(t) =
1− cos t

1− cos a
, u0,2(t) = u2,2(a− t), u1,2(t) = 1− u0,2(t)− u2,2(t), (16)

t ∈ [0, a], a < zS = π.
The catenoid (catenary of revolution) and the plane are the only surfaces of revolution which

are also minimal surfaces. A catenoid patch can be given by the parametric equations

c(u, v) = (cosh v cosu, cosh v sinu, v), 0 ≤ u ≤ a, 0 ≤ v ≤ M. (17)

In order to represent a catenoid patch as a tensor-product we have computed the coefficients of
the functions cosh t and t with respect to the normalized B-basis of H3 and the coefficients of the
functions sin t, cos t with respect to the normalized B-basis of T2 (see Table 1 and Table 2).

function c0 c1 c2 c3

t 0
M − sinhM

1− coshM

sinhM −M coshM

1− coshM
M

cosh t 1 1
M(1 + coshM)− sinhM

sinhM
coshM

Table 1. Coefficients of t and cosh t with respect to the normalized B-basis ofH3 = ⟨1, t, cosh t, sinh t⟩
on [0,M ], M > 0.

function c0 c1 c2

sin t 0
sin a

1 + cos a
sin a

cos t 1 1 cosha

Table 2. Coefficients of sin t and cos t with respect the normalized B-basis of T2 = ⟨1, sin t, cos t⟩
on [0, a], a < π.

The catenoid patch (17) can be written as

c(r, s) =
2∑

i=0

3∑
j=0

pi,jui,2(r)vj,3(r) (18)

r ∈ [0, a], s ∈ [0,M ], where the control points pi,j , can be immediately obtained from the coeffi-
cients in Table 1 and Table 2 (see Figure 3).

In order to illustrate the optimal stability of the tensor product of the normalized B-bases (16)
and (15) we have also considered the tensor product basis of T2

⊗
H3 obtained by taking the basis

of T2:
(ṽ0,2(r), ṽ1,2(r), ṽ2,2(r)) = (1, cos r, sin r)

c⃝ 2011 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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Figure 1: Catenoid patch and its control net with respect to the normalized B-basis of T2

⊗
H3.

and the basis of H3:

(w̃0,3(s), w̃1,3(s), w̃2,3(s), w̃3,3(s)) = (1, s, cosh s, sinh s).

We have disturbed the control nets of the catenoid (17) with respect to both tensor-product bases
with random disturbances δi,j = mi,j × 10−e i = 0, 1, 2 and j = 0, . . . , 3 satisfying |mi,j | ≤ 1 for
e = 3, 6 and we have compared the catenoid (17) with the obtained surfaces.

In Figure 2 we can see the plot of the surfaces

e1(r, s) =
2∑

i=0

3∑
j=0

δi,jui,2(r)vj,3(r), e2(r, s) =
2∑

i=0

3∑
j=0

δi,j ṽi,2(r)w̃j,3(s),

respectively, with random disturbances satisfying δi,j = mi,j × 10−3 i = 0, 1, 2 and j = 0, . . . , 3.
In Figure 3 we can see the plot of e1(r, s) and e2(r, s), respectively, with random disturbances

satisfying δi,j = mi,j × 10−6 i = 0, 1, 2 and j = 0, . . . , 3.
In these plots, we can immediately check that the errors obtained when representing the

catenoid with the tensor-product normalized B-bases of T2 and H3 have a magnitude similar to
the perturbations in the control net and they are considerably smaller than those obtained when
representing the catenoid with the other tensor product basis.
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