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Abstract: We propose a simple and quite efficient code to solve singular perturbation

problems when the perturbation parameter ǫ is very small. The code is based on generalized

upwind methods of order ranging from 4 to 10 and uses highly variable stepsize to fit the

boundary regions with relatively few points. An extensive numerical test section shows the

effectiveness of the proposed technique on linear problems.
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1 Introduction

The solution of two-point boundary value problems is one of the classical topics of numerical analy-
sis since these problems model many real life phenomena arising, for example, from fluid mechanics,
optimal control, chemical-reactor theory, reaction-diffusion process. We are here interested in the
approximation of general second order ODEs

F(x, y, y′, y′′) = 0, x ∈ [a, b], (1)

subject to Dirichlet boundary conditions

g(y(a), y(b)) = 0, (2)
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where F and g are sufficiently smooth functions. Codes that can be used to solve (1)-(2) are
TWPBVP [11] and its variants [8], MIRKDC and its new implementation BVP SOLVER [19],
COLSYS [4] and COLNEW [5] (see also [10]), and the MATLAB codes TOM [16] and BVP4c [18].

Most of the above numerical methods can only be applied to first-order equations and hence
they require a rewriting of the original higher order problem (1). An alternative approach would
be for finite differences to approximate each derivative separately and these would be cheaper when
they are directly applied to (1)-(2). In [1] some new methods in this class have been proposed
that combine generalizations of the central differences to approximate the second derivative with
generalization of forward/backward/central differences for the first derivative. Following the idea
inherited from Boundary Value Methods (see [6] for a review on the approach) the main feature
of this approach is that of combining one main formula with additional initial and final ones. The
obtained methods do not require additional boundary conditions apart from (2). Thus, methods
of arbitrary high order with similar stability properties as the original two-step methods are easily
derived.

In [2] the same methods have been combined in order to obtain high order generalizations of
the first order upwind method and have been applied to singular perturbation problems in the
form

ǫy′′ = f(x, y, y′), x ∈ [a, b], y ∈ R, (3)

where f is a sufficiently smooth function and ǫ > 0 is a small parameter. Due to this small pa-
rameter the solution has thin regions of fast variation (layers). This problem has been extensively
studied in the past and several codes have been developed which are able to vary the stepsizes in
order to compute accurate solutions even when ǫ ≈ 0. Among these codes we mention COLMOD
(a modification of COLNEW), based on collocation methods, and ACDC (a modification of TW-
PBVP), based on Lobatto Runge-Kutta formulae. Both codes were developed by J. Cash and
R. W. Wright and use an automatic continuation strategy to solve more difficult problems [9].

In this paper we develop a variable step, variable order approach that allows us to efficiently
solve (3)-(2) when ǫ is very small, that is in cases where the usual solvers require a much larger
number of points. Although the proposed strategy has only been tested on linear problems, pre-
liminary results on nonlinear problems seem to confirm the effectiveness of both methods and, in
particular, step-variation strategy.

The paper is organized as follows: in the next section we introduce the generalized upwind
method and show the main features of this class of methods when variable step is used. Section 3
shows the algorithm which is used for varying the stepsize and the order. Finally, the last section
is devoted to various test examples, chosen from the Test Set of Cash [7]. These have been useful
to set some parameters in the code.

2 Generalized upwind methods

Upwind methods are classical difference schemes which have been used to solve both ordinary and
partial differential equations. Historically, the idea of using a method which depends on the sign of
the characteristic speeds was applied to the solution of hyperbolic PDEs (i.e., the wave equation)
to numerically simulate more properly the direction of propagation of information in a flow field.
For second order ODEs (1) the first derivative represents the diffusion term and needs to be treated
accordingly to its sign.

In this paper the overall method is obtained by devising finite difference methods (all of even
order) which are applied to each derivative appearing in the differential equation. In particular,
the second derivative is approximated by centered differences while the first one is approximated
by forward/backward differences (GFDFs/GBDFs) depending on the sign of ∂f/∂y′ (see [2]). Let,
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for example,
a = x0 < x1 < · · · < xn+1 = b (4)

be an equispaced mesh with stepsize h = b−a
n+1 . To discretize each derivative we make use of the

following formulae of even order k

y(ν)(xi) ≃ y
(ν)
i =

1

hν

k−s∑

j=−s

α
(s)
s+jyi+j , s = 1, . . . , k − 1, (5)

where ν = 1, 2, the integer s depends on the choice of the number of initial conditions and the

coefficients α
(s)
s+j are computed by imposing maximum-order conditions, that is by solving a Van-

dermonde linear system generated by the vector [0 : k]. Then, a high order generalized upwind
(HOGUP) method of order k is obtained by choosing for the second derivative

• k/2 − 1 different initial methods to approximate y′′(xi), i = 1, . . . , k/2 − 1 (we set s = i in
(5)),

• one main method to approximate y′′(xi), i = k/2, . . . , n − k/2 + 1 (we set s = k/2),

• k/2 − 1 different final methods to approximate y′′(xi), i = n − k/2 + 2, . . . , n (we set s =
i − n + k − 1),

and, for the first derivative,

• k/2 − 1 different initial methods to approximate y′(xi), i = 1, . . . , k/2 − 1 (we set s = i),

• one method chosen between a GFDF (s = k/2− 1) and an ECDF (s = k/2) to approximate
y′(xk/2) according to the sign of ∂f/∂y′ in xk/2 (less or greater than 0, respectively),

• the main method to approximate y′(xi), i = k/2 + 1, . . . , n − k/2, chosen between GFDF
and GBDF (s = k/2 + 1) according to the sign of ∂f/∂y′ in xi (less or greater than 0,
respectively),

• one method chosen between an ECDF and a GBDF to approximate y′(xn−k/2+1) according
to the sign of ∂f/∂y′ in xn−k/2+1 (less or greater than 0, respectively),

• k/2 − 1 different final methods to approximate y′(xi), i = n − k/2 + 2, . . . , n (we set s =
i − n + k − 1).

In [2] it is proved that the combination of the above methods gives rise to stable approximations
if used with constant stepsize to solve linear second order BVPs with constant coefficients. This
means that we are able to obtain the correct behaviour of the solution with a very small number
of mesh points. For well conditioned linear problems we have occasionally observed a wrong
behaviour of the solution with a small number of points when the sign of the coefficient of the
first derivative changes, that is, in the case where both GBDFs and GFDFs are used to discretize
the first derivative. Anyway, this could happen for very small ǫ and a very small number of
discretization points (less than 20 points for the order 4, 50 for the order 10). In such a situation
the proposed code doubles the number of points. Conversely, in the case of ill-conditioned problems
(the sign of ∂f/∂y in (3) is negative), the solution is wrong until a very small stepsize is used.

The aim of this paper is that of using variable stepsize to discretize singular perturbation
problems with very small ǫ. On the other hand, we do not want to waste the nice properties
that these methods have when they are used with constant stepsize. Therefore, we discretize the
integration interval [a, b] by means of piecewise constant grids such that the stencil used for each
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formula changes stepsize at most once. Moreover, in the first and last points we use the initial and
final methods with constant stepsize.

The variable-step coefficients of the main methods

y′′(xi+k/2−s) ≃
1

h2
i

k−s∑

j=−s

α̃
(s)
j yi+j , s = 1, . . . , k − 1, (6)

y′(xi+k/2−s+t) ≃
1

hi

k−s∑

j=−s

β̃
(t,s)
j yi+j , t = −1, 1, s = 1, . . . , k − 1, (7)

are still computed by solving Vandermonde linear systems generated by the vector [−s : 0 (1 :
(k − s))v], where now s represents the number of steps equal to hi (the others are equal to hi+1)
and v = hi/hi+1. For all these choices the coefficients have been computed algebraically. From
their analysis we observe that they might change sign or increase/decrease for values of v different
from 1. For this reason we decided to change stepsize at least every k+4 points (we use 3 constant
steps methods before changing the stepsize, if necessary) and to bound v according to the following
table

Table 1: Maximum ratio between two successive steps

order
v

4 6 8 10
15 10 7 5

3 Stepsize and order variation strategy

The proposed algorithm combines order 4, 6, 8 and 10 HOGUP methods with piecewise constant
stepsize to solve two-point linear singular perturbation problems with very small perturbation
parameters ǫ. The solution of nonlinear problems by means of standard techniques such as Newton’s
method or quasilinearization will be subject of research in the near future. Anyway, preliminary
results on classical nonlinear problems seem to confirm that the HOGUP methods do not exhibit
any particular problems. On the contrary, we have observed that the methods used and the stepsize
variation techniques considered do not work with ill-conditioned problems, that is with problems
(3) having the sign of ∂f/∂y negative. Modifications to this well-established approach will be
necessary to solve this class of problems.

The choice of the order is strictly connected to the desired precision. Low orders allow us to
determine the first variable meshes with a suggestion on the location of the layer and relatively few
points. The computed mesh can then be used by higher orders to quickly obtain better accuracy.

The following algorithm summarizes the proposed variable order approach:

function [x, y] = HOGUP (‘problem’, tol)
ord = 4;
x̃ = a : (b − a)/10 : b;
ỹ = ya : (yb − ya)/10 : yb;
ltol = max(1e-3, tol);
while ‖err‖ < tol

[x, y, err] = genup (‘problem’, ord, ltol, x̃, ỹ);
if ‖err‖ > tol

ltol = max(‖err‖/100, tol);
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ord = ord + 2;
[x̃, ỹ] = adjmesh (x, y, ord + 4);

end
end

Hence, we solve (3)-(2) starting from n = 10, constant stepsize and order 4. The starting mesh
is updated until we obtain a solution with a computed absolute/relative error less then 10−3. This
essentially means that the stepsize used is smaller than the width of the layer. Then, the process
is iterated by increasing the order of the method and decreasing the exit tolerance.

It is remarkable to observe that, since we want to derive a piecewise constant mesh which
depends on the order used, the vector computed for a certain order must be adapted to satisfy the
restriction for the next one. This is made in adjmesh by increasing the number of constant points
in each sub-interval with less than ord + 4 constant steps, or bringing together two sub-intervals
with almost the same stepsize. Moreover the number of points in each sub-interval is increased in
order to satisfy the restriction in Table 1.

The step variation technique is applied inside the genup function and allows us to compute,
for fixed order ord and input tolerance tol, a numerical solution with maximum error less than tol.
The error is approximated using the solution given by the method of order ord + 2 on the same
mesh.

We pay particular attention to the function monitor which is to be found inside the function
genup and allows us to compute the new grid x starting from the old grid x̃ and the computed
error err. It is described by the following function:

function x = monitor (err, x̃, ord, tol)
n = length(x̃) − 1;
h = x̃(2 : n) − x̃(1 : n − 1);
t = max(err(2 : n + 1), err(1 : n))ˆ(1/ord);
n∗ = ⌊‖t‖1/tolˆ(1/ord)⌋;
if n‖t‖∞/‖t‖1 ≤ 1.2 & n∗ ≥ 2 · n

x is obtained halving the step-length vector h
else

n∗ = max(min(n∗, ⌊1.2 · n⌋), ⌊n/1.2⌋);
I = [0 cumsum(t)]/‖t‖1;
z = 0 : 1/n∗ : 1;
x̂ = linear_interp(I, x̃, z);
x = piecewise_grid(x̂, ord + 4);

end

The function monitor is based on an equidistribution of the vector t that contains the error in
each step raised to the power of 1/ord. With this aim, starting from t, we derive an ordered vector
in the range [0, 1] and equidistribute by means of inverse linear interpolation. The new number
of points is chosen in the range [n/1.2, 1.2n] and is originally set equal to

⌊
‖t‖1/(tol)1/ord

⌋
. Then,

the obtained grid is modified by piecewise_grid in order to have piecewise constant steps.

The function piecewise_grid starts from the minimum step and determines ord+4 consecutive
constant steps which are able to overlay exactly some steps of the previous grid. This procedure is
iterated on the remaining part of the grid in order that the new steps are greater than or equal to
those already computed and the ratio of two consecutive steps is bounded by the values in Table 1.
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4 Numerical examples

In this section we give some results on the convergence behavior of the matlab code HOGUP on
four singular perturbation problems contained in the “BVP software page” of J. Cash [7], and we
compare these with analogous results of the packages ACDC and COLMOD (see [7]). We stress
that a fair comparison is not possible because the HOGUP code is based on multistep methods and
hence the number of points exactly represents the size of the problem solved. The computational
cost of the other two codes also depends on other parameters such as, for example, the order of
the methods used, which are not reflected in the number of points. As a matter of fact, even if the
package COLMOD always needs a number of mesh points lower than ACDC, its execution time
is higher for the largest values of ǫ. Finally, we recall that COLMOD needs to be applied to first
order problems, and therefore its number unknowns should be doubled.

For our numerical experiments we have chosen a uniform initial mesh with 10 points and
tol = 10−8. Moreover, we have used methods of order 4, 6 and 8 for the order variation strategy.
We have set the maximum number of allowed mesh points to 1500 and computed an approximation
of the maximum relative error in the numerical solution by means of two successive orders and the
formula

max
1≤i≤n

|y(p)
i − y

(p+2)
i |

1 + |y(p+2)
i |

.

In the following Tables 2-5 we report the meshlength required by the codes HOGUP, ACDC
and COLMOD for ǫ ranging from 10−1 to 10−10. In Figures 1-4 we report the number of points
required by the order/step variation strategy for ǫ = 10−3, 10−6, 10−9. On the y axis we show the
exact maximum relative error given by the formula

max
1≤i≤n

|y(p)
i − ye(xi)|
1 + |ye(xi)|

,

where ye represents the exact solution.

Problem 1 Let us consider the test problem 4 in [7]

ǫy′′ + y′ − (1 + ǫ)y = 0, x ∈ [−1, 1],

with boundary conditions y(−1) = 1 + exp (−2), y(1) = 1 + exp (−2(1 + ǫ)/ǫ). The exact solution

ye(x) = exp (x − 1) + exp

(
−1 + ǫ

ǫ
(1 + x)

)
.

has a boundary layer of width O(ǫ) at x = −1.
From Table 2 we deduce that the number of meshpoints of the HOGUP code is two/three

times higher than ACDC and COLMOD for almost all values of ǫ. ACDC does not work for
ǫ = 10−9, 10−10 while the value of COLMOD is not available for ǫ = 10−10.

In Fig. 1 we plot the behaviour of the HOGUP code for some values of ǫ. Only few steps of the
orders 6/8 are necessary to reach the requested tolerance when the order 4 method gives a solution
with err < 10−3. Nevertheless, the number of steps required by the order 4 method is 7, 13 and
17 for the three tests, that is to obtain a stepsize smaller than O(ǫ) in the layer. For ǫ = 10−9

COLMOD requires 9 continuation steps and the computation of 20 mesh (the same as HOGUP),
but with half of the total number of points. ACDC has similar results, but with the same number
of total points as HOGUP.
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Table 2: Test problem 1: meshlength to obtain a solution with an error less than 10−8.

ǫ HOGUP ACDC COLMOD

10−1 76 34 43
10−2 84 42 56
10−3 151 49 60
10−4 155 50 60
10−5 161 66 72
10−6 237 93 81
10−7 284 93 81
10−8 291 107 101
10−9 346 700 113
10−10 437 4311 –
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Figure 1: Test problem 1: step/order variation strategy to obtain an error less than 10−8.

Problem 2 Let us consider the test problem 6 in [7]

ǫy′′ + xy′ = −ǫπ2 cos (πx) − πx sin (πx), x ∈ [−1, 1],

with boundary conditions y(−1) = −2, y(1) = 0. The exact solution

ye(x) = cos (πx) +
erf(x/

√
2ǫ)

erf(1/
√

2ǫ)

has a shock layer in the turning point region near x = 0.
Here the coefficient of y′ changes its sign and there is no y-term. As noted in Section 2, the

initial solutions (with 10/20 points) are different from the theoretical one, and the meshlength
doubles in the first two or three steps. The number of points required by HOGUP is comparable
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Figure 2: Test problem 2: step/order variation strategy to obtain an error less than 10−8.

to ACDC, but the latter code does not work for ǫ = 10−9. COLMOD requires a smaller number
of points, but from 10−1 to 10−8 it requires an execution time higher than ACDC.

Table 3: Test problem 2: meshlength to obtain a solution with an error less than 10−8.

ǫ HOGUP ACDC COLMOD

10−1 52 33 46
10−2 111 79 81
10−3 148 111 100
10−4 202 127 112
10−5 325 153 118
10−6 254 195 120
10−7 302 394 122
10−8 408 402 128
10−9 439 458 134
10−10 505 1153 178

From Fig. 2 we observe that the convergence behaviour of the HOGUP method is fairly good
in all cases. For ǫ = 10−9 the mesh given by the order 4 method has been completely reassembled
and reduced in length by the order 6 method. The number of computed meshes for each ǫ is up to
14, that is, almost the same number required by the other codes.

Problem 3 Let us consider the test problem 7 in [7]

ǫy′′ + xy′ − y = −(1 + ǫπ2) cos (πx) − πx sin (πx), x ∈ [−1, 1],
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Figure 3: Test problem 3: step/order variation strategy to obtain an error less than 10−8.

with boundary conditions y(−1) = −1, y(1) = 1. The exact solution

ye(x) = cos (πx) + x +
x erf(x/

√
2ǫ) +

√
2ǫ/π exp (−x2/2ǫ)

erf(1/
√

2ǫ) +
√

2ǫ/π exp (−1/2ǫ)

has a corner layer in the turning point region near x = 0.
From Table 4 we deduce similar results as the previous example. The only differences are that

the meshlength of ACDC becomes higher than that of HOGUP for ǫ < 10−6 and COLMOD is
able to require up to 1/4 of the number of points of HOGUP.

From Fig. 3 we derive that order 4 method computes a solution with the requested tolerance
with relatively few steps while the order 6 method requires some additional steps. For ǫ = 10−9,
order 8 method seems to increase too much the number of points to reach tol = 10−8.

Table 4: Test problem 3: meshlength to obtain a solution with an error less than 10−8.

ǫ HOGUP ACDC COLMOD

10−1 40 40 45
10−2 77 56 58
10−3 88 81 68
10−4 121 100 70
10−5 144 116 70
10−6 171 204 70
10−7 201 300 72
10−8 252 464 76
10−9 307 728 76
10−10 321 1615 79
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Figure 4: Test problem 4: step/order variation strategy to obtain an error less than 10−8.

Problem 4 Let us consider the test problem 14 in [7]

ǫy′′ − y = −
(
ǫπ2 + 1

)
cos(πx), x ∈ [−1, 1],

with boundary conditions y(−1) = y(1) = exp(−2/
√

ǫ). The exact solution

ye(x) = cos (πx) + exp ((x − 1)/
√

ǫ) + exp (−(x + 1)/
√

ǫ)

has boundary layers of width O(
√

ǫ) near x = −1 e x = 1.
This is the only problem considered with two boundary layers, but the results obtained trace

out those of the previous example (here the number of points of COLMOD is halved with respect
to HOGUP). The only thing to note is that for small ǫ few points are sufficient to compute an

Table 5: Test problem 4: meshlength to obtain a solution with an error less than 10−8.

ǫ HOGUP ACDC COLMOD

10−1 41 29 45
10−2 84 49 69
10−3 132 91 99
10−4 150 123 115
10−5 192 151 124
10−6 197 216 130
10−7 248 265 142
10−8 304 311 143
10−9 392 521 158
10−10 419 768 188
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accurate solution because there are no points near the layer. In the step variation strategy, the
error increases when the number of points increases and decreases when there are points inside the
layer.

5 Conclusion

We have proposed a new code for solving second order singular perturbation problems. With
reference to linear problems, we can conclude that the code is better than ACDC for small values
of ǫ on the problems we have considered. COLMOD always requires small meshlengths, but its
comparison with ACDC in terms of execution time allows us to deduce that its computational cost
for the same n is much higher.

The two main objectives of this research in the near future will be to extend this approach to
the solution of nonlinear problems and to provide a Fortran implementation of the code. Both will
be necessary to effectively compare the codes considered in this paper.
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