
European Society of Computational Methods
in Sciences and Engineering (ESCMSE)

Journal of Numerical Analysis,
Industrial and Applied Mathematics

(JNAIAM)
vol. 2, no. 1-2, 2007, pp. 103-114

ISSN 1790–8140

Determination of the Heat Transfer Coefficient in the Law
of Cooling for Gas–Quenching Systems 1
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Abstract: Modern technology of heat treatment uses high pressure gas–quenching in dif-
ferent types of furnaces to obtain required properties of treated materials. The flow of
thermal energy between the surface of the material and the quenching medium is modeled
by the Newton’s law of cooling.
We present a mathematical model for determination of the heat transfer coefficient α in
this law. The model is based on temperatures measured during the quenching period and
uses solution extension techniques for the heat conduction problem. We also discuss some
practical and numerical problems which have to be properly solved in order to accurately
and efficiently implement this procedure.
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1 Introduction

Heat treatment of metal parts is used to obtain required properties of treated materials. One of
the primary targets is to increase hardness of steel alloys. This process is traditionally known as
forging. The final part of the treatment is quenching, or rapid cooling, which is traditionally
done in water, or oil.

Modern technology also uses vacuum furnaces with high–pressure gas quenching to cover a wide
variety of heat treatment processes. Typical examples of heat treated materials are aircraft engine
parts, car parts (for transmission and gear box), and high quality tools.

One of the most serious problems with this technology is that rapid quenching can cause
distortion of parts and development of residual stresses. In extreme cases, parts may crack during
quenching. Even more dangerous is if cracks appear later, when parts are being used. The current
state of heat treatment is still very much based on practical experience and technical know–how,
despite recent advances in technology.
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The purpose of this work is to develop techniques to predict the temperatures (and stresses)
in parts being heat treated and quenched. In the long run, it will be used in a “quenching expert
system” which will be able to

• predict the quality of the treated parts,

• plan quenching conditions for future treatments,

• optimize time, energy and cost, i.e., increase productivity.

The first step in this process (as usual) is the selection of a tractable physical and mathematical
model, followed by extensive and accurate data gathering, and, finally, model verification.

A general description of the cooling process in gas quenching is given in [5]. To achieve the
desired cooling rates, the cooling gas must flow at very high velocities. Consequently, all recent
models of the cooling process are based on computational fluid dynamics (CFD). At present, these
models still demand very high computing resources and their use is almost exclusively limited
to experimental environments. Sophisticated CFD models have been very successfully used (and
verified) for

• design of the gas quenching furnaces [6],

• modelling of the gas quenching of single components [11, 12].

But, for full production loads, which usually consist of many parts, such models are simply beyond
available resources.

Some models for optimization of the cooling conditions have also been proposed [10]. Again,
they are not yet feasible on an industrial scale.

On the other hand, several decision support systems have been developed in recent years for
optimization of heat treatment processes and quenching, in particular (see [7, 14, 15]). Such
systems gather and store vast amounts of data for various production loads and use data mining
techniques for decision support.

With all this in mind, our primary goal is efficiency. We want to develop a technique which
is sufficiently efficient to be used for data gathering and modelling in standard industrial environ-
ments. Therefore, we will use a simplified model which does not even try to simulate the actual
flow of the cooling gas around the parts. Instead, we concentrate on the temperature distribution
inside each part.

The rest of the paper is organized as follows. We first state the problem in terms of a tempera-
ture distribution model in three dimensions (3D), and then outline a global numerical procedure for
its solution. Unfortunately, this 3D model turns out to be “intractable” for practical purposes, and
we have to reduce the model from general 3D geometries to several standard geometries which lead
to 1D models (or problems). Numerical solution of 1D problems and implementation of some key
steps is described in Section 4, followed by a typical example and numerical results. We conclude
with some comments on applicability of this work in everyday industrial environment.

2 Temperature distribution model

Each part being quenched is represented by a domain Ω ⊂ R3. The temperature distribution in
this part throughout the quenching process is determined by the heat conduction equation

ρc
∂T

∂t
= div(λ gradT ) (1)

in Ω, where we use the following notation:
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x ∈ Ω — space coordinates, each in [m],

t ≥ 0 — time [s],

T = T (x, t) — temperature [◦C] or [K],

and physical properties of the part are:

ρ — density [kg/m3],

c — specific heat [J/(kg K)],

λ — thermal conductivity [W/(m K)].

After the initial heat treatment in the furnace, just before the start of the quenching process (at
t = 0), we may assume that the initial condition for this problem is the uniform temperature
distribution

T (x, 0) = T0, x ∈ Ω.

Typical values of T0 for heat treatment of steel alloys can be as high as 1100 ◦C.
It should be noted that, because of the temperature range involved, all physical properties ρ,

c, λ are temperature dependent, and cannot be treated as constant (see [1, 9]). So, the whole
problem is nonlinear.

We assume that all physical properties are reasonably smooth functions of T over the whole
temperature range — at least continuous and, therefore, bounded. Since we are interested only in
steel alloys, these assumptions are certainly valid for ρ and λ. In fact, both functions are almost
linear in T between 20 ◦C and 1100 ◦C.

But, specific heat c requires more careful consideration. Note that c in (1) represents the
so called “true” specific heat, and not the “mean” one, over some temperature range. Some steel
alloys have very complicated “phase transitions” (changes in structure) — from the austenitic state
at high temperatures into the ferritic state at lower temperatures. When present, these transitions
usually occur between 700 ◦C and 900 ◦C. They are reflected as irregularities in c, and c may even
become unbounded. This behaviour is somewhat similar to the transition of water into ice at the
freezing temperature.

Our model is primarily intended for steel alloys which do not have such phase transitions and
remain in the austenitic condition throughout the whole quenching temperature range. In this
case, c is also almost linear in T . A typical example of such an alloy is the usual “18/10” stainless
steel with 18% of chromium (Cr) and about 10% of nickel (Ni).

In practice, most austenitic steels do have a small amount of ferrite. One of the goals of rapid
cooling is to keep that amount reasonably small and prevent phase transitions.

Essentially the same model can be applied in all cases, but great care must be taken to ensure
that c correctly represents the actual thermal behaviour in the part during the quenching period.
This has been verified by using the same model to simulate the freezing of strawberries in food
industry, where we had reasonably accurate phase transition data for all physical properties.

Boundary conditions should represent the flow of thermal energy between the surface of the
material (∂Ω) and the quenching medium — cooling gas, blown at high speed and pressure. Our
model is the Newton’s law of cooling on the boundary ∂Ω

λ
∂T

∂n
= −α (T − Tx) , (2)

where:

n — unit outer normal vector on ∂Ω,
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Tx — (external) temperature of the cooling gas [◦C] or [K],

α — Newton’s boundary heat transfer coefficient [W/(m2 K)].

Generally, both Tx and α depend on (x, t) on ∂Ω. While Tx can be regarded as known (say,
measured), α is unknown. Therefore, to use this model, we first have to find α. In other words,
we have to solve the inverse problem.

One does not bother with solution of inverse problems, unless there is a very good motivation
for doing so. Our basic assumption is that α represents the overall quenching conditions quite
well, and can be used as a basis of an “expert quenching system”. We also expect that α (mildly)
depends on material and geometry of various parts in the same load, and position of a particular
part inside the chamber, due to somewhat different cooling conditions (gas flow).

Of course, all these assumptions have to be verified in practice. By gathering enough data for
various loads, geometries and positions, we expect that we will be able to automatically optimize
the quenching conditions.

To facilitate extensive data gathering in industrial environments, we need a really efficient and
reasonably accurate procedure for α calculation.

This practical goal immediately rules out all CFD–based methods, as they require too much
computing time. For the same reason, it also prohibits the use of methods which are based on
standard regularization or statistical model parameter/function estimation (see [13]).

In this setting, efficiency considerations demand a more direct approach to the problem of
computing α.

3 Numerical solution of the inverse problem

Quite generally, to calculate α for a particular part, under particular cooling conditions, we can
use the following global numerical procedure:

• measure temperatures near, or at the surface of the part,

• use these measurements as Dirichlet boundary conditions and numerically solve the heat
conduction equation (1),

• extend or extrapolate the solution towards the boundary (if necessary),

• calculate α via numerical differentiation from (2), by using measured external temperature Tx.

Unfortunately, in practice, it is almost impossible to measure any boundary condition even for
simple geometries of Ω in a 3D space, not to mention the complicated ones (like synchronizing
rings).

Therefore, we have to make one more crucial simplification — reduce the intractable 3D model
for general geometries to one of the standard (and tractable) 1D models. Two basic geometries
which allow 1D models are infinite plates and infinite cylinders.

Here we shall describe the α calculation procedure for “infinite” plates. The procedure for
“infinite” cylinders is quite similar.

4 The calculation of α for infinite plates

In the “infinite” plate model we have a thin lying steel alloy plate, initially heated to the uniform
temperature T0, which is then cooled by gas blown from (say) above the plate. The gas then
passes through a heat–exchanger (HE) and cools, before being blown again from the top.
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This model situation is illustrated in the following figure, which shows the cross–section of the
plate, and the positions of all temperature measurement devices.

x = b1

x = a1

x = 0

x = a2

x = b2

unknown α1 (bottom)

Tn1
measured near–bottom temperature

Tc measured center/core temperature

Tn2
measured near–top temperature

unknown α2 (top)

Tx1 measured gas temperature before HE

Tx2 measured gas temperature after HE
Direction of cooling

solution extension
or extrapolation

The infinite plate has two (disjoint) cooling surfaces — the bottom one and the top one.
Accordingly, there are two α(t) curves — α1(t) at the bottom and α2(t) at the top.

Due to symmetry, instead of (1), we now have a one–dimensional heat conduction equation

ρc
∂T

∂t
=

∂

∂x

(
λ
∂T

∂x

)
(3)

for x ∈ [b1, b2]. Also, instead of (2), we have two boundary conditions — at the bottom

−
(
λ
∂T

∂x

)
(b1, t) = −α1(t) (T (b1, t)− Tx1

(t)) , (4)

and at the top (
λ
∂T

∂x

)
(b2, t) = −α2(t) (T (b2, t)− Tx2

(t)) . (5)

Note that, in this model, the quenching conditions (type of gas, direction, speed and pressure
of blowing) are reflected only in the measured temperatures. There is no other input of quenching
conditions into the model, which makes it simple, but fast in practice.

In the preceding figure, the gas is blown from above the plate, but the same model works for
other types of cooling, as well. For instance, we can use alternated cooling — blow from the top
for a short period of time, then blow from the bottom, and so on, to get more uniform and quicker
cooling.

The model itself requires only 4 measured temperature curves (in time)

Tn1
, Tn2

, Tx1
, Tx2

.

In practice, we also measure Tc at the core (x = 0), which is taken as a reference to check the
results, as it determines the hardness of the core. All temperatures are measured at discrete times,

• usually 1 s apart, but can be up to 10 s in some cases (see example below),

• until some final time tfinal, typically 1800 s,

• and rounded to the nearest ◦C.
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108 Saša Singer

Ideally, Tn1
and Tn2

would be measured at the surface of the plate, at b1 and b2, respectively,
and simply substituted into (4) and (5) to calculate α1 and α2. Solving (3) on [b1, b2] with Dirichlet
boundary conditions would give the left–hand sides in (4) and (5).

But, accurate measurement of surface temperatures is virtually impossible in practice, and the
measurements are taken at points a1 and a2 beneath the surface, so b1 < a1, and a2 < b2. We
can still solve (3) with Dirichlet boundary conditions, but only on [a1, a2]. To calculate α at the
boundaries, the solution has to be extended from [a1, a2] to [b1, b2]. This can be done by

• the quasi–reversibility method of Lattès and Lions (see [4, Chapter 5]), or

• simple extrapolation, if the depths |bi − ai| are small, with respect to the whole thickness
b2 − b1 of the plate.

From strictly theoretical point of view, the quasi–reversibility method would be the correct algo-
rithm to compute the solution extension on [b1, a1] and [a2, b2]. On the other hand, it is far more
demanding in terms of computing time and space. Moreover, it also requires some extrapolation,
though, generally, over a much smaller space gap.

We have compared these two approaches in a series of numerical experiments, but only for
linear problems, due to high running times. Nonlinear quasi–reversibility will be tested in future.

Our results show that simple extrapolation is quite sufficient for depths up to 10% of the
thickness. It works reasonably well even for 20%, which is the largest depth–to–thickness ratio we
have encountered (and that only in very early measurements).

The actual computation is performed in two phases.

Phase 1. α calculation (inverse problem), for t ∈ [0, tfinal], with 4 main steps:

1.1 Solve the heat conduction equation (3) on [a1, a2], with measured temperatures Tn1
and Tn2

as Dirichlet boundary conditions;

1.2 Extend or extrapolate the solution from [a1, a2] to [b1, b2];

1.3 Calculate α1 and α2 from (4) and (5) by numerical differentiation, using measured cooling
gas temperatures Tx1

and Tx2
, respectively;

1.4 Check errors in calculated core temperature with respect to measured Tc (1 reference point).

Phase 2. Model verification (direct problem), for t ∈ [0, tfinal], with 2 main steps:

2.1 Solve the heat conduction equation (3) on [b1, b2], with the law of cooling boundary conditions,
using calculated α1 and α2 (from Phase 1);

2.2 Check errors in calculated temperatures at a1, core (x = 0) and a2, with respect to measured
Tn1

, Tc and Tn2
, respectively (3 reference points).

Accurate and efficient implementation of both phases involves several interesting numerical
problems.

Since temperatures are measured at discrete times and rounded to the nearest integer, all
measured temperatures which are used in boundary conditions (i.e., all, except Tc) have to be
smoothed before use. This is done by cubic spline least–squares approximation [2], to get suffi-
ciently smooth global approximation over the whole time range [0, tfinal].

The same applies to all calculated α curves, which are used as boundary conditions in Phase 2.
In fact, global smoothing approximations of α1 and α2 are computed immediately, at the end of
step 1.3, for use in all other applications.
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Numerical solution of the heat conduction equation (3) in both phases is done by the nonlinear
implicit method (see [8]), with simple iterations per time step to adjust all physical properties
to new temperatures. For standard time steps ht = 1 s (in accordance with measurements), only
3–4 iterations per time step are needed to get the required accuracy of 10−4 in all computed
temperatures.

We have also tested several other methods for numerical solution of (3), and the implicit
method turns out to be the optimal choice regarding stability and efficiency. For example, there
is no need to use the Crank–Nicolson scheme, which is, in theory, more accurate than the implicit
method. Since our time steps are quite small, the differences in computed temperatures by these
two methods are almost negligible, but the implicit method is somewhat faster in practice.

Finally, the solution extension in step 1.2 is computed by local extrapolation of the solution
towards the near boundary. Each extrapolation is based on localized low degree polynomial least–
squares approximation (not on interpolation). The same approximation is also used for numerical
differentiation needed to compute the corresponding α in step 1.3.

5 Numerical experiments

As an example, we take a lying steel alloy plate3, which is made of “18/10” CrNi steel with some
traces of carbon and titanium. The plate dimensions are 20 cm×20 cm×5 cm, or b1,2 = ±0.025 m.
Near–surface temperatures Tn1

and Tn2
are measured at the depth of 4.5 mm, so a1,2 = ±0.0205 m.

Note that the depth–to–thickness ratio is 9% on both sides for extrapolation in step 1.2.
The initial condition is T0 = 1099 ◦C. All temperatures are measured until tfinal = 1871 s,

but each data set has only 184 points, with time step ∆t ≈ 10 s. This time step is much larger
than usual, due to an error in calibration of the data gathering device. We use these data here
to illustrate the robustness of the smoothing procedure, which has to cope with such events in
practice.

The plate is cooled (quenched) by nitrogen N2 blown from above, at fan speed of 3000 rotations
per minute, with varying pressure: 600 kPa for the first 900 s, and 320 kPa later on. This change
in pressure should be reflected in α.

Original unsmoothed measured temperatures — internal Tc, Tn1
, Tn2

, and external Tx1
, Tx2

,
are given in the following figure (in that order, from the top of the figure).
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Internal temperatures are especially hard to distinguish in this scale, so it is better to plot the

3Data used by permission from IPSEN International GmbH, Germany.
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differences between near–surface and core temperatures. These are given in the following figure.
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Phase 1 gives the following two smoothed α(t) curves — for the bottom and the top surface,
respectively.
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We see that the top cools more quickly, as expected, since the cooling gas is blown only from
above the plate. Also, the change in pressure at t = 900 s is clearly visible in both α curves.

The only way to check both the model and the numerical procedure is to compare computed
and measured temperatures whenever possible. All calculated errors refer to original measured
temperatures, so they include: smoothing of measured temperatures, numerical solution of the
heat conduction equation (3), and final smoothing of calculated α values.

Calculated errors in the core temperature Tc for Phase 1 and Phase 2 are given in the next two
figures.
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Obviously, the errors in Tc are almost equal for both phases. This shows that the change
of boundary conditions between the two phases introduces very small, for all practical purposes
negligible, errors.

However, the errors themselves are not negligible. In this case, we have an over–estimate of Tc,
i.e., the core cools more quickly than predicted (which is good, as it makes the core harder than
predicted).

This is probably due to inaccurate physical properties at high temperatures. Accurate data,
especially for c, are very hard to get, and we had to use very crude (linear) approximations, based
on data from [9] for a similar, but not exactly the same, type of alloy.

Finally, model verification in Phase 2 gives the following calculated errors in the near–surface
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temperatures Tn1
and Tn2

, respectively.
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These errors are almost entirely initial smoothing errors, which shows that α calculation with
smoothing in Phase 1 is quite accurate and smoothing errors in α are really negligible.

A number of other experiments has been carried out with thin plates and thin cylinders, with
similar results. In particular, we always get that

• calculated errors in Tc are almost equal for both phases, and

• calculated errors in Tn1
and Tn2

are mostly initial smoothing errors.

So, the calculation of α is good in all these experiments.

The highest error ever encountered in Tc is about 10 ◦C, which is well below the target limit
of 15 ◦C at critical temperatures, between 700 ◦C and 900 ◦C. The average error in Tc is a lot
smaller (as in the previous example). In general, we have an over–estimate of Tc. But, in some
experiments, we also had a slight under–estimate of Tc, probably caused by inaccurate c values at
high temperatures.

These results confirm that calculated α curves can be used to predict temperatures, and we
can conclude that our 1D model works reasonably well on “near 1D” geometries.
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6 Conclusion

For practical applications, this 1D model has many deficiencies. On the other hand, 3D (and even
2D) models are out of question for everyday use, mostly due to lack of data, but also because of
the computational cost (time).

To overcome some of 1D model deficiencies, a cylindrical “flux–sensor” has been built for data
gathering in all production loads (charges). A few of these sensors can be placed at different
positions inside the chamber. Calculated “benchmark” α curves for each load are stored in a data
base which is then used for quenching optimization.

The proposed 1D model for “infinite” cylinders is used as a “quick and (not too) dirty” method
for α calculation in the software that comes with the flux–sensor. It computes both α curves in far
less than a minute on any modern personal computer. These α curves provide a reasonably accurate
insight into what actually happened during the quenching process for each load. For example, a
fan breakdown is immediately visible as a sharp (and unexpected) drop in the α curves.

This procedure is certainly not a substitute for more sophisticated models, which have also been
used in experimental environments to verify the accuracy of 1D model results. On the other hand,
because of its efficiency and combined with the flux–sensor, it fits well into the industrial demand
for reasonably cheap and reasonably accurate tools for optimization of the quenching process.

Finally, an extensive guide to the new literature on the subject of heat transfer is given in [3].
Section 17.2. contains numerous recent references on numerical methods for inverse problems in
heat conduction.
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